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Abstract
We describe the elliptic Artin groups and the elliptic Hecke algebras in terms of the elliptic Dynkin
diagrams for the elliptic root system of type X(p1,p2) except for exceptional cases.
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1. Introduction
Let R be a root system of type X (X = Al,Bl, . . . ,G2), Q, P be the root lattice and
the weight lattice, and Q∨, P∨ be the coroot lattice and the coweight lattice of R, re-
spectively. Let W be the Weyl group associated to R, then the elliptic Weyl group and
the extended elliptic Weyl group for all elliptic root systems of types X(p1,p2), X(p,p)∗,
BC(2,2)l (1) and BC
(2,2)
l (2) [1] are realized by the semi-direct product W  (Q∨ × Q∨)
(or W  (Q∨ × Q)) and W  (P∨ × P∨) (or W  (P∨ × P)), respectively. The elliptic
Hecke algebras associated to the 1-codimensional elliptic root systems have been defined
by H. Yamada [9], which are subalgebras of Cherednik’s double affine Hecke algebras [3,
4], and which are also the quotient of the group algebra of a central extension of the elliptic
Artin groups obtained from the extended affine Coxeter groups due to H. van der Lek [6],
by the quadratic relations. The central extension of the elliptic Artin group is also called the
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344 T. Takebayashi / Journal of Algebra 292 (2005) 343–362double affine Artin group [7,8]. In the previous paper [10], similarly we defined the elliptic
Hecke algebra of the elliptic root system of type X(1,1), as a subalgebra of the Cherednik’s
double affine Hecke algebra. The elliptic Hecke algebra can be seen as a deformation of
the group algebra of a central extension of W  (Q∨ ×Q∨) (or W  (Q∨ ×Q)), and also
the Cherednik’s double affine Hecke algebra as a deformation of the group algebra of a
central extension of W  (P∨ ×P∨) (or W  (P ×P)) which is associated to the elliptic
root system of type X(1,1). In this paper, we describe the double affine Artin groups and
the elliptic Artin groups in terms of the elliptic Dynkin diagram for all elliptic root sys-
tems of types X(p1,p2) except for types A(1,1)∗1 , C
(1,1)∗
l , B
(2,2)∗
l , BC
(2,2)
l (1) and BC
(2,2)
l (2),
by using the results of H. van der Lek [6], I. Cherednik [4], B. Ion [7] and B. Ion and
S. Sahi [8], and define the elliptic Hecke algebra as the quotient of the group algebra of the
double affine Artin group, by the quadratic relations. In which, at first we describe the dou-
ble affine Artin groups, the elliptic Artin groups and define the elliptic Hecke algebras in
terms of the completed elliptic Dynkin diagrams consisting of all pairs αj , α∗j (0 j  l),
by adding some α∗i to the elliptic Dynkin diagram. Next, using the result, we describe the
double affine Artin groups, the elliptic Artin groups and define the elliptic Hecke algebras
in terms of the elliptic Dynkin diagram not completed. In the sequel, we discuss separately
the cases of type X(p1,1) and X(p1,p2) (p2 = 1).
2. Elliptic Artin groups in terms of completed elliptic diagrams
Let R be a root system of type Al,Bl, . . . ,G2 with respect to a positive definite in-
ner product 〈 , 〉, and W be the finite Weyl group associated to R. Let α1, . . . , αl be
the simple roots and a1, . . . , al (ai := α∨i ) be the coroots, where α∨ := 2α/〈α,α〉. The
dual fundamental weights b1, . . . , bl are determined by the conditions 〈bi, αj 〉 = δij . Let
Q∨ =⊕li=1 Zai ⊂ P∨ =⊕li=1 Zbi be the coroot lattice and the coweight lattice. Then the
affine Weyl group Wa is isomorphic to W Q∨ and the extended affine Weyl group W˜ a is
isomorphic to W P∨ ∼= Π Wa , where Π = {πr, r ∈ O}, πrsiπ−1r = sj if πr(αi) = αj ,
0 j  l (where si is the reflection with respect to αi ), and the automorphism πr induces
a permutation of the affine Dynkin diagram of {α0, . . . , αl}. In the elliptic Dynkin diagram,
if we need, we add α∗i−1 or α∗i as follows:







t
αi−1
α∗i
αi
or






 ⇒
t = 1,2,3,4
α∗i−1
αi−1
αi









	
	
t
α∗i−1
αi−1
α∗i
αi
inductively, we add some vertices α∗i−1, α∗i and consider the completed elliptic Dynkin
diagram consisting of all pairs of αj , α∗j (0  j  l). In what follows, at first we discuss
using the completed elliptic Dynkin diagrams, and after using the result, we discuss in
terms of the elliptic Dynkin diagrams. I. Cherednik [3,4] has defined and studied the double
affine Artin group and the double affine Hecke algebra (also see [7]). From the point of
T. Takebayashi / Journal of Algebra 292 (2005) 343–362 345view of the elliptic root system, Cherednik’s double affine Hecke algebras can be seen
associated to the elliptic root systems of type X(1,1) (X = Al,Bl, . . . ,G2). Therefore more
generally, using the results of [4,6–8], we give the definition of the extended double affine
Artin group and the double affine Artin group associated to all elliptic root systems of type
X(p1,p2) except for types A(1,1)∗1 , C
(1,1)∗
l , B
(2,2)∗
l , BC
(2,2)
l (1) and BC
(2,2)
l (2), which we call
exceptional cases.
Definition 2.1. The extended double affine Artin groups of type X(p1,1), are defined by the
following set of generators and relations:
(A) Generators: Tj (0 j  l), pairwise commutative {Xβ,β ∈ P∨}, the group Π = {πr},
and a central element X2δ1/〈α0,α0〉;
Relations:
(i) TiTjTi · · · = TjTiTj · · · , mij factors on each side (mij = 2, 3, 4, 6 if αi and αj
are joined 0,1,2,3 laces, respectively),
(ii) TjXβ = XβTj if 〈αj ,β〉 = 0,
(iii) TjXβTj = XβX−1α∨j (= Xsj (β)) if 〈αj ,β〉 = 1,
(iv) πrTiπ−1r = Tj (if πr(αi) = αj ), and πrXβπ−1r = Xπr(β).
The extended double affine Artin groups of type X(p1,p2) (p2 = 1), are defined by the
following set of generators and relations:
(B) Generators: Tj (0 j  l), pairwise commutative {Xβ,β ∈ P }, the group Π = {πr},
and a central element Xδ1 .
Relations:
(i) TiTjTi · · · = TjTiTj · · · , mij factors on each side (mij = 2, 3, 4, 6 if αi and αj
are joined 0,1,2,3 laces, respectively),
(ii) TjXβ = XβTj if 〈α∨j , β〉 = 0,
(iii) TjXβTj = XβXαj (= Xsj (β)) if 〈α∨j , β〉 = −1,
(iv) πrTiπ−1r = Tj (if πr(αi) = αj ), and πrXβπ−1r = Xπr(β).
Remark 2.2. Extended elliptic Weyl groups of type X(1,1) are also realized by W 
(P × P), then we can associate the definition (B) corresponds to the extended double
affine Artin groups of type X(1,1) (see [5]).
As a subgroup of the extended double affine Artin group, the double affine Artin groups
are defined as follows.
Definition 2.3. The double affine Artin groups of type X(p1,1) (respectively X(p1,p2)
(p2 = 1)) are defined by the generators Tj (0  j  l), {Xβ,β ∈ Q∨} (respectively
{Xβ,β ∈ Q}), and a central element X2δ1/〈α0,α0〉 (respectively Xδ1 ) with the relations of
Definition 2.1.
346 T. Takebayashi / Journal of Algebra 292 (2005) 343–362Let Ra be an affine root system and Q(Ra) be its root lattice. Let VC := Q(Ra) ⊗ C,
and W(Ra) be the affine Weyl group. The semi-direct product Ŵ := W(Ra)Q(Ra) acts
on VC. H. van der Lek [6] defined the extended affine Coxeter group (he called the extended
Artin group) as the fundamental group π1(Y/Ŵ ), where Y := VC−{reflection hyperplanes
of Ŵ }. We note that Ŵ is isomorphic to the central extension of the elliptic Weyl group W el
and the regular orbit space Y/Ŵ is homeomorphic to the complement of the discriminant
in the semi-universal deformation of simple elliptic singularity to which the elliptic root
system is associated. K. Saito and the author [2] described the relations of the generators of
the elliptic Weyl groups from the point of view of a generalization of the Coxeter relations.
From the same point, we describe the double affine Artin groups in terms of the completed
elliptic Dynkin diagrams and further in terms of the elliptic Dynkin diagrams. By using the
result, we can describe the elliptic Artin group which is defined as the factor group of the
double affine Artin group by the group generated by X2δ1/〈α0,α0〉 (or Xδ1 ) (see [8]).
Theorem 2.4. In terms of the completed elliptic Dynkin diagrams, the double affine Artin
groups for all elliptic root systems of type X(p1,p2) except for exceptional cases are de-
scribed as follows.
Generators: Tα , T ∗α for α ∈ {α0, . . . , αl}, and a central element q := X2δ1/〈α0,α0〉
(or X−1δ1 ).
Relations:
I. (0) 
α β
 ⇒ TαTβ = TβTα ,
(1)  
α β
⇒ TαTβTα = TβTαTβ,
(2)  	
2α β
⇒ (TαTβ)2 = (TβTα)2,
(3)  	3α β ⇒ (TαTβ)
3 = (TβTα)3.
II.1.








α∗
α
β∗
β
α∗ = α + pδ2, T ∗α TβT ∗β = TβT ∗β Tα,
β∗ = β + pδ2 ⇒ T ∗β TαT ∗α = TαT ∗α Tβ,
(p = 1,2,3) TαT ∗α TβT ∗β = TβT ∗β TαT ∗α .
II.2.









	
	
2
α∗
α
β∗
β
α∗ = α + pδ2,
β∗ = β + pδ2
(p = 1,2)
⇒
T ∗α TβT ∗β Tα = TβT ∗β TαT ∗α ,
T ∗β TαT ∗α = TαT ∗α Tβ,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α ,
α∗ = α + 2pδ2,
β∗ = β + pδ2
(p = 1,2)
⇒
T ∗α TβT ∗β = TβT ∗β Tα,
T ∗β TαT ∗α Tβ = TαT ∗α TβT ∗β ,
T T ∗T T ∗ = T T ∗T T ∗.α α β β β β α α
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








	
	
3
α∗
α
β∗
β
α∗ = α + δ2,
β∗ = β + δ2 ⇒
T ∗α TαT ∗α TβT ∗β = TαT ∗α TβT ∗β Tα,
T ∗β TαT ∗α = TαT ∗α Tβ,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α ,
α∗ = α + 3δ2,
β∗ = β + δ2 ⇒
T ∗α TβT ∗β = TβT ∗β Tα,
T ∗β TαT ∗α TβT ∗β = TαT ∗α TβT ∗β Tβ,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α .
II.4.









	
	
4
α∗
α
β∗
β
α∗ = α + δ2, ⇒ (TβTαT
∗
α )
2 = (TαT ∗α Tβ)2 = (T ∗α TβTα)2,
β∗ = β + a T ∗β TαT ∗α = TαT ∗α Tβ,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α
α∗ = α + 4δ2 ⇒ T
∗
α TβT
∗
β = TβT ∗β Tα,
β∗ = β + δ2, (TαTβT ∗β )2 = (TβT ∗β Tα)2 = (T ∗β TαTβ)2,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α .
II.∞.








α∗
α
β∗
β∞
α∗ = α + δ2, ⇒ TαT
∗
α TβT
∗
β = T ∗α TβT ∗β Tα = TβT ∗β TαT ∗α
= T ∗β TαT ∗α Tβ .β∗ = β + δ2
III. (
∏
α∈Γ (Φ,G)\(Γmax∪Γ ∗max) Tα
∏
α∈Γmax TαT
∗
α )
m = q−1, where Γ (Φ,G) is the ellip-
tic Dynkin diagram, Γmax,Γ ∗max are the subdiagrams of Γ (Φ,G) (see [1]), m :=
m(Φ,G) is the order of the Coxeter element in the elliptic Weyl group.
Proof. In the cases of type X(1,1), the result has been already given by the author [10],
so we omit here. At first we examine the cases of type X(p1,1) (p1 = 1), which are C(2,1)l
(l  2), BC(2,1)l (l  1), F (2,1)4 and G(3,1)2 . In each case, we recall the root system Φ ,
the elliptic Dynkin diagram, the simple root system αi (0  i  l) and the vertices α∗i
(0 i  l) (see [1]), and examine the relations of the double affine Artin group in terms of
the completed elliptic Dynkin diagram by rewriting the relations of the double affine Artin
group. We note that we normalize the inner product of the elliptic root system Φ by setting
〈α,α〉 = 2 for the long roots α.
C
(2,1)
l (l  2)
   
   














 




α1 α2 α3 αl−1
α∗l
αl
2
α0 α∗2 α∗3 α∗l−1


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± i ± j + nδ1 +mδ2 (1 i < j  l) (n,m ∈ Z)
}
,
α0 = −1 − 2 + δ1, αi = i − i+1 (1 i  l − 1), αl = 2l,
α∗i = αi + δ2 (0 i  l),
ai = 2αi = 2(i − i+1) (1 i  l − 1), al = αl = 2l,
bi = 2
i∑
k=1
k (1 i  l − 1), bl = 1 + · · · + l.
We set T ∗0 = T −10 X−α∨0 (= T
−1
0 X−2α0 ) (where Xα∨0 := X−θ∨Xδ1 ), T ∗i = T
−1
i X−α∨i
(= T −1i X−2αi ) (1 i  l − 1) and T ∗l = T −1l X−α∨l (= T −1l X−αl ). From 〈αl−1,−α∨l 〉 = 1,
we have
Tl−1X−α∨l Tl−1 = X−α∨l X−α∨l−1,
and from this, we obtain
TlT
∗
l Tl−1 = T ∗l−1TlT ∗l .
From 〈αl,−α∨l−1 − α∨l 〉 = 0, we have
TlX−α∨l−1X−α∨l = X−α∨l−1X−α∨l Tl,
and from this, we obtain
T ∗l Tl−1T ∗l−1Tl = Tl−1T ∗l−1TlT ∗l .
From T ∗0 = T −10 X(α∨1 +2α∨2 +···+2α∨l )X
−1
δ1
, we have
T0T
∗
0 T1T
∗
1
(
T2T
∗
2 · · ·TlT ∗l
)2 = X−1δ1 (⇔ (T0T1T2T ∗2 · · ·TlT ∗l )2 = X−1δ1 ),
and the other relations are similarly obtained to the case of type X(1,1) (see [10]). Next
we show that these are all relations. For the purpose, we set Xi := X2i (1  i  l − 1),
Xl := X1+···+l . Then the relations of Ti and Xj are given as follows:


TiXiTi = Xi+1 (1 i  l − 2), Tl−1Xl−1Tl−1 = X−11 X−12 · · ·X−1l−1X2l ,
TlXlTl = X1X2 · · ·Xl−1X−1l , TiXj = XjTi (1 i, j  l, j = i, i + 1),
Tl−1Xl = XlTl−1, T0X−12 T0 = X1q−1, T0X−1l T0 = X−1l X1X2q−1,
T0Xi = XiT0 (i = 1,2, l), T0X1X−12 = X1X−12 T0.
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T ∗0 = T −10 X1X2q−1, T ∗i = T −1i X−1i Xi+1 (1 i  l − 2),
T ∗l−1 = T −1l−1X−11 · · ·X−1l−2X−2l−1X2l , T ∗l = T −1l X1 · · ·Xl−1X−2l ,
we see that Xi = (TiT ∗i · · ·TlT ∗l )−1 (1 i  l − 1), so we have 〈T0, . . . , Tl,X1, . . . ,Xl〉 ∼=〈T0, T ∗0 , . . . , Tl, T ∗l ,Xl〉. We have only to show that the relations of Ti and Xj can be
obtained from the relations of Ti , T ∗i and Xl .
Proof of TiXiTi = Xi+1 (1 i  l − 2).
TiXiTi = Ti
(
TiT
∗
i · · ·TlT ∗l
)−1
Ti = Ti
(
TiT
∗
i Ti+1T ∗i+1
)−1
Ti
(
Ti+2T ∗i+2 · · ·TlT ∗l
)−1
= TiT ∗−1i+1 T −1i+1T ∗−1i
(
Ti+2T ∗i+2 · · ·TlT ∗l
)−1
= T ∗−1i+1 T −1i+1
(
Ti+2T ∗i+2 · · ·TlT ∗l
)−1 = Xi+1 (by T ∗i Ti+1T ∗i+1 = Ti+1T ∗i+1Ti).
Proof of Tl−1Xl−1Tl−1 = X−11 X−12 · · ·X−1l−1X2l . This is rewritten as Xl−1Tl−1X−1l−1 =
T ∗l−1, and
Xl−1Tl−1X−1l−1 =
(
Tl−1T ∗l−1TlT ∗l
)−1
Tl−1Tl−1T ∗l−1TlT ∗l
= T ∗1l T −1l T ∗−1l−1 Tl−1T ∗l−1TlT ∗l
= T −1l−1T ∗−1l T −1l Tl−1T ∗l−1TlT ∗l
(
by TlT ∗l Tl−1 = T ∗l−1TlT ∗l
)
.
The relation TlXlTl = X1 · · ·Xl−1X−1l is rewritten as XlTl = T ∗l Xl , so we do not have to
prove.
Proof of T0X−12 T0 = X1q−1.
T0X
−1
2 T0 = T0
(
T2T
∗
2 · · ·TlT ∗l
)
T0 = T0T2T ∗2 T0T3T ∗3 · · ·TlT ∗l
= T0T ∗0 T2T ∗2 · · ·TlT ∗l
(
by T ∗0 T2T ∗2 = T2T ∗2 T0
)
= T0T ∗0 X−12 = X1q−1.
The relation T0X−1l T0 = X−1l X1X2q−1 is rewritten as T0Xl = XlT ∗0 , so we do not have to
prove.
Proof of T0X1X−12 = X1X−12 T0.
T0X1X
−1
2 = T0T1T ∗1 = T1T ∗1 T0 = X1X−12 T0.
Therefore we have shown that those are all relations.
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T0T ∗0 T1T ∗1 (T2T ∗2 · · ·TlT ∗l )2 belongs to the center of the double affine Artin group. In the
sequel, similarly we can show this fact for other cases, so we omit this argument.
BC(2,1)l (l  1)






4
α0
α∗0
α1
(l = 1)
   
   















 


2α0 α1 α2 αl−1
αl
2
α∗0 α∗1 α∗2 α∗l−1
	
	


(l  2)
Φ = {±i + nδ1 +mδ2 (1 i  l) (n,m ∈ Z),
± 2i + (2n+ 1)δ1 +mδ2 (1 i  l) (n,m ∈ Z),
± i ± j + nδ1 +mδ2 (1 i < j  l) (n,m ∈ Z)
}
,
α0 = −21 + δ1, αi = i − i+1 (1 i  l − 1), αl = l,
α∗i = αi + δ2 (0 i  l).
The case of l = 1. We set T ∗0 = T −10 X−α∨0 (= T
−1
0 X−α0 ), T ∗1 = T −11 X−α∨1 (= T
−1
1 X−4α1 ).
From 〈α1,−α∨0 〉 = 1, we have
T1X−α∨0 T1 = X−α∨0 X−α∨1 ,
and from this, we obtain
T0T
∗
0 T1 = T ∗1 T0T ∗0 .
From 〈α0,−2α∨0 − α∨1 〉 = 0 and 〈α1,−2α∨0 − α∨1 〉 = 0, we have
T0X
2
−α∨0 X−α∨1 = X
2
−α∨0 X−α∨1 T0 and T1X
2
−α∨0 X−α∨1 = X
2
−α∨0 X−α∨1 T1,
and further using the relation T0T ∗0 T1 = T ∗1 T0T ∗0 , we obtain
(
T0T
∗
0 T1
)2 = (T ∗0 T1T0)2 = (T1T0T ∗0 )2.
From T ∗0 = T −10 Xθ∨X−1δ1 = T −10 X 12 α∨1 X
−1
δ1
, we have
(
T0T
∗
0
)2
T1T
∗
1 = X−2δ1
(⇔ (T0T ∗0 T1)2 = X−2δ1 ).
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−1
0 X−α0 ), T ∗i = T −1i X−α∨i (= T −1i X−2αi )
(1 i  l − 1), T ∗l = T −1l X−α∨l (= T −1l X−4αl ). From T ∗0 = T −10 X(α∨1 +···+α∨l−1+ 12 α∨l )X
−1
δ1
,
we have(
T0T
∗
0 · · ·Tl−1T ∗l−1
)2
TlT
∗
l = X−2δ1
(⇔ (T0T ∗0 · · ·Tl−1T ∗l−1Tl)2 = X−2δ1 ).
The other relations are similarly obtained to the case of type X(1,1).
In the above cases, the fact that these are all relations can be shown similarly to the
previous case (see also [10]), and we omit this argument in the sequel.
F
(2,1)
4
 





2
α1 α2
α3
α∗3
α4α0




Φ = {±2i + 2nδ1 +mδ2 (1 i  4) (n,m ∈ Z),
± i ± j + nδ1 +mδ2 (1 i < j  4) (n,m ∈ Z),
± 1 ± 2 ± 3 ± 4 + 2nδ1 +mδ2 (n,m ∈ Z)
}
,
α0 = 1 − 2 + δ1, α1 = 2 − 3, α2 = 3 − 4, α3 = 24,
α4 = −1 − 2 − 3 − 4,
α∗i = αi + δ2 (0 i  4).
We set T ∗i = T −1i X−α∨i (= T −1i X−2αi ) (0  i  2), T ∗3 = T −13 X−α∨3 (= T
−1
3 X−α3 ),
T ∗4 = T −14 X−α∨4 (= T
−1
4 X−α4 ). From T ∗0 = T −10 X(2α∨1 +3α∨2 +4α∨3 +2α∨4 )X
−1
δ1
, we have
T0T
∗
0
(
T1T
∗
1
)2(
T2T
∗
2
)3(
T3T
∗
3
)4(
T4T
∗
4
)2 = X−1δ1 (⇔ (T0T1T2T3T ∗3 T4)4 = X−1δ1 ).
The other relations are similarly obtained.
G
(3,1)
2






α1
α2
α∗2
α0
3
Φ = {±3φi + 3nδ1 +mδ2 (1 i  3) (n,m ∈ Z),
± (φi − φj )+ nδ1 +mδ2 (1 i < j  3) (n,m ∈ Z)
}
,
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α∗i = αi + δ2 (0 i  2),
where φi = i − 13 (1 + 2 + 3) (i = 1,2,3).
We set T ∗0 = T −10 X−α∨0 (= T
−1
0 X−3α0 ), T ∗1 = T −11 X−α∨1 (= T
−1
1 X−3α1 ), T ∗2 =
T −12 X−α∨2 (= T
−1
2 X−α2 ). From T ∗0 = T −10 X(2α∨1 +3α∨2 )X
−1
δ1
, we have
T0T
∗
0
(
T1T
∗
1
)2(
T2T
∗
2
)3 = X−1δ1 (⇔ (T0T1T2T ∗2 )3 = X−1δ1 ).
The other relations are similarly obtained.
Next by using Definition 2.1(B) and 2.2, we examine the cases of type X(p1,p2)
(p2 = 1), which are B(1,2)l (l  2), B(2,2)l (l  2), C(1,2)l (l  2), C(2,2)l (l  3), BC(2,4)l
(l  1), F (1,2)4 , F (2,2)4 , G(1,3)2 , G(3,3)2 . In these cases, at first we prove the relation III for
each case, and after that I, II uniformally.
B
(1,2)
l (l  2)
   
   



















α1 α2 α3 αl−1
α∗l
αl
2
α0 α∗2 α∗3 α∗l−1


	
	
Φ = {±i + nδ1 +mδ2 (1 i  l) (n,m ∈ Z),
± i ± j + nδ1 + 2mδ2 (1 i  l) (n,m ∈ Z)
}
,
α0 = −1 − 2 + δ1, αi = i − i+1 (1 i  l − 1), αl = l,
α∗0 = α0 + 2a, α∗i = αi + 2δ2 (1 i  l − 1), α∗l = αl + δ2.
We set T ∗0 = T −10 Xα0 (= T −10 Xα∨0 ) (where Xα0 := X−θXδ1), T ∗i = T
−1
i Xαi (= T −1i Xα∨i )
(1 i  l − 1), T ∗l = T −1l Xαl (= T −1l X 12 α∨l ). From T
∗
0 = T −10 X−(α1+2α2+···+2αl)Xδ1 , we
have
T0T
∗
0 T1T
∗
1
(
T2T
∗
2 · · ·TlT ∗l
)2 = Xδ1 (⇔ (T0T1T2T ∗2 · · ·TlT ∗l )2 = Xδ1).
B
(2,2)
l (l  2)
   
   



















α α α α
α∗l
α2
α∗0 α∗1 α∗2 α∗l−1


	
	





20 1 2 l−1 l
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± i ± j + 2nδ1 + 2mδ2 (1 i < j  l) (n,m ∈ Z)
}
,
α0 = −1 + δ1, αi = i − i+1 (1 i  l − 1), αl = l,
α∗0 = α0 + δ2, α∗i = αi + 2δ2 (1 i  l − 1), α∗l = αl + δ2.
We set T ∗0 = T −10 Xα0 (= T −10 X 12 α∨0 ), T
∗
i = T −1i Xαi (= T −1i Xα∨i ) (1  i  l − 1), T ∗l =
T −1l Xαl (= T −1l X 12 α∨l ). From T
∗
0 = T −10 X−(α1+···+αl)Xδ1 , we have
T0T
∗
0 T1T
∗
1 · · ·TlT ∗l = Xδ1 .
C
(1,2)
l (l  2)

  
  













α1 α2 αl−1
αl
22
α∗1 α∗2 α∗l−1



α0
Φ = {±2i + nδ1 + 2mδ2 (1 i  l) (n,m ∈ Z),
± i ± j + nδ1 +mδ2 (1 i < j  l) (n,m ∈ Z)
}
,
α0 = −21 + δ1, αi = i − i+1 (1 i  l − 1), αl = 2l,
α∗0 = α0 + 2δ2, α∗i = αi + δ2 (1 i  i − 1), α∗l = αl + 2δ2.
We set T ∗0 = T −10 Xα0 (= T −10 Xα∨0 ), T ∗i = T
−1
i Xαi (= T −1i X 12 α∨i ) (1  i  l − 1), T
∗
l =
T −1l Xα0 (= T −1l Xα∨l ). From T ∗0 = T −10 X−(2α1+···+2αl−1+αl)Xδ1 , we have
T0T
∗
0
(
T1T
∗
1 · · ·Tl−1T ∗l−1
)2
TlT
∗
l = Xδ1
(⇔ (T0T1T ∗1 · · ·Tl−1T ∗l−1Tl)2 = Xδ1).
C
(2,2)
l (l  3)
   
   



















α1 α2 α3 αl−1
αl
2
α0 α∗2 α∗3 α∗l−1
Φ = {±2i + 2nδ1 + 2mδ2 (1 i  l) (n,m ∈ Z),
± i ± j + nδ1 +mδ2 (1 i < j  l) (n,m ∈ Z)
}
,
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α∗0 = α0 + δ2, α∗i = αi + δ2 (1 i  l − 1), α∗l = αl + 2δ2.
We set T ∗0 = T −10 Xα0 (= T −10 X 12 α∨0 ), T
∗
i = T −1i Xαi (= T −1i X 12 α∨i ) (1 i  l − 1), T
∗
l =
T −1l Xαl (= T −1l Xα∨l ). From T ∗0 = T −10 X−(α1+2α2+···+2αl−1+αl)Xδ1 , we have
T0T
∗
0 T1T
∗
1
(
T2T
∗
2 · · ·Tl−1T ∗l−1
)2
TlT
∗
l = Xδ1
(⇔ (T0T1T2T ∗2 · · ·Tl−1T ∗l−1Tl)2 = Xδ1).
BC(2,4)l (l  1)






α0
α1
α∗1
(l = 1)
4

  
  









α1 α2 αl−1 2
2
α∗1 α∗2 α∗l−1
αl
α∗l



α0


	
	




(l  2)
Φ = {±i + nδ1 +mδ2 (1 i  l) (n,m ∈ Z),
± 2i + (2n+ 1)δ1 + 4mδ2 (1 i  l) (n,m ∈ Z),
± i ± j + nδ1 + 2mδ2 (1 i  l) (n,m ∈ Z)
}
,
α0 = −21 + δ1, αi = i − i+1 (1 i  l − 1), αl = l,
α∗0 = α0 + 4δ2, α∗i = αi + 2δ2 (1 i  l − 1),
α∗l = αl + δ2.
The case of l = 1. We set T ∗0 = T −10 Xα0 (= T −10 Xα∨0 ), T ∗1 = T
−1
1 Xα1 (= T −11 X 14 α∨1 ).
From T ∗0 = T −10 X−2α1Xδ1 , we have
T0T
∗
0
(
T1T
∗
1
)2 = Xδ1 (⇔ (T0T1T ∗1 )2 = Xδ1).
The case of l  2. We set T ∗0 = T −10 Xα0 (= T −10 Xα∨0 ), T ∗i = T
−1
i Xαi (= T −1i X 12 α∨1 )
(1 i  l−1), T ∗l = T −1l Xαl (= T −1l X 14 α∨l ). From T
∗
0 = T −10 X−(2α1+···+2αl)Xδ1 , we have
T0T
∗
0
(
T1T
∗
1 · · ·TlT ∗l
)2 = Xδ1 (⇔ (T0T1T ∗1 · · ·TlT ∗l )2 = Xδ1).
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(1,2)
4
 







2
α1 α2
α3
α∗3
α4α0 

Φ =
{
±i + nδ1 +mδ2 (1 i  4) (n,m ∈ Z),
± i ± j + nδ1 + 2mδ2 (1 i < j  4) (n,m ∈ Z),
1
2
(±1 ± 2 ± 3 ± 4)+ nδ1 +mδ2 (n,m ∈ Z)
}
,
α0 = 1 − 2 + δ1, α1 = 2 − 3, α2 = 3 − 4,
α3 = 4 − σ, α4 = σ,
α∗0 = α0 + 2δ2, α∗1 = α1 + 2δ2, α∗2 = α2 + 2δ2,
α∗3 = α3 + δ2, α∗4 = α4 + δ2,
where σ = 12 (1 + 2 + 3 + 4).
We set T ∗0 = T −10 Xα0 (= T −10 Xα∨0 ), T ∗1 = T
−1
1 Xα1 (= T −11 Xα∨1 ), T ∗2 = T
−1
2 Xα2
(= T −12 Xα∨2 ), T ∗3 = T
−1
3 Xα3 (= T −13 X 12 α∨3 ), T
∗
4 = T −14 Xα4 (= T −14 X 12 α∨4 ). From T
∗
0 =
T −10 X−(2α1+3α2+4α3+2α4)Xδ1 , we have
T0T
∗
0
(
T1T
∗
1
)2(
T2T
∗
2
)3(
T3T
∗
3
)4(
T4T
∗
4
)2 = Xδ1 (⇔ (T0T1T2T3T ∗3 T4)4 = Xδ1).
F
(2,2)
4
 


 






2
α0
α1
α2
α∗2
α3 α4
Φ =
{
±2i + 2nδ1 + 2mδ2 (1 i  4) (n,m ∈ Z),
± i ± j + nδ1 +mδ2 (1 i < j  4) (n,m ∈ Z),
1
2
(±1 ± 2 ± 3 ± 4)+ 2nδ1 + 2mδ2 (n,m ∈ Z)
}
,
α0 = 1 − 2 + δ1, α1 = 2 − 3, α2 = 3 − 4,
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α∗0 = α0 + δ2, α∗1 = α1 + δ2, α∗2 = α2 + δ2,
α∗3 = α3 + 2δ2, α∗4 = α4 + 2δ2.
Wes set T ∗0 = T −10 Xα0 (= T −10 X 12 α∨0 ), T
∗
1 = T −11 Xα1 (= T −11 X 12 α∨1 ), T
∗
2 = T −12 Xα2
(= T −12 X 12 α∨2 ), T
∗
3 = T −13 Xα3 (= T −13 Xα∨3 ), T ∗4 = T
−1
4 Xα4 (= T −14 Xα∨4 ). From T ∗0 =
T −10 X−(2α1+3α2+2α3+α4)Xδ1 , we have
T0T
∗
0
(
T1T
∗
1
)2(
T2T
∗
2
)3(
T3T
∗
3
)2
T4T
∗
4 = Xδ1
(⇔ (T0T1T2T ∗2 T3T4)3 = Xδ1).
G
(1,3)
2






α1
α2
α∗2
α0
3
Φ = {±φi + nδ1 +mδ2 (1 i  3) (n,m ∈ Z),
± (φi − φj )+ nδ1 + 3mδ2 (1 i < j  3) (n,m ∈ Z)
}
,
α0 = −φ1 + φ3 + δ1, α1 = φ1 − φ2, α2 = φ2,
α∗0 = α0 + 3δ2, α∗1 = α1 + 3δ2, α∗2 = α2 + δ2,
where φi = i − 13 (1 + 2 + 3), so that
∑3
i=1 φi = 0 and 〈φi,φj 〉 = − 13 + δij .
We set T ∗0 = T −10 Xα0 (= T −10 Xα∨0 ), T ∗1 = T
−1
1 Xα1 (= T −11 Xα∨1 ), T ∗2 = T
−1
2 Xα2 (=
T −12 X 13 α∨2 ). From T
∗
0 = T −10 X−(2α1+3α2)Xδ1 , we have
T0T
∗
0
(
T1T
∗
1
)2(
T2T
∗
2
)3 = Xδ1 (⇔ (T0T1T2T ∗2 )3 = Xδ1).
G
(3,3)
2










3
α0
α1
α∗1
α2
Φ = {±3φi + 3nδ1 + 3mδ2 (1 i  3) (n,m ∈ Z),
± (φi − φj )+ nδ1 +mδ2 (1 i, j  3) (n,m ∈ Z)
}
,
α0 = −φ1 + φ3 + δ1, α1 = φ1 − φ2, α2 = 3φ2,
T. Takebayashi / Journal of Algebra 292 (2005) 343–362 357α∗0 = α0 + δ2, α∗1 = α1 + δ2, α∗2 = α2 + 3δ2.
We set T ∗0 = T −10 Xα0 (= T −10 X 13 α∨0 ), T
∗
1 = T −11 Xα1 (= T −11 X 13 α∨1 ), T
∗
2 = T −12 Xα2
(= T −12 Xα∨2 ). From T ∗0 = T
−1
0 X−(2α1+α2)Xδ1 , we have
T0T
∗
0
(
T1T
∗
1
)2
T2T
∗
2 = Xδ1
(⇔ (T0T1T ∗1 T2)2 = Xδ1).
Next, in the above cases, from the relations of Definition 2.1(B), we prove the relations
I, II.
Proof of II.1 and I(1). We have 〈α,β∨〉 = −1, 〈α∨, β〉 = −1, from this
TαXβTα = XβXα,
and substituting T ∗α = T −1α Xα (= T −1α Xα∨ ), T ∗β = T −1β Xβ (= T −1β Xβ∨ ), we get
T ∗α TβT ∗β = TβT ∗β Tα,
and similarly, from TβXαTβ = XαXβ , we get
T ∗β TαT ∗α = TαT ∗α Tβ.
Further, in this case,
T ∗α TβT ∗α = T −1α XαTβT −1α Xα = T −1α T −1β XαXβT −1α Xα
= T −1α T −1β TαXβXα = TβT −1α T −1β XαXβ
= TβT −1α XαTβ = TβT ∗α Tβ
so we obtain T ∗α TβT ∗α = TβT ∗α Tβ , and similarly, we obtain T ∗β TαT ∗β = TαT ∗β Tα and
T ∗α T ∗β T ∗α = T ∗β T ∗α T ∗β .
Proof of II.2 and I(2). We have 〈α,β∨〉 = −2, 〈α∨, β〉 = −1. We note that the case of
α∗ = α + δ2, β∗ = β + δ2 appears only in type X(p1,1), so we do not consider here.
In the case of α∗ = α + 2δ2, β∗ = β + δ2, we set T ∗α = T −1α Xα (= T −1α Xα∨ ), T ∗β =
T −1β Xβ (= T −1β X 12 β∨ ). From 〈α
∨, β〉 = −1, we have
TαXβTα = XβXα,
and from this, we obtain
T ∗α TβT ∗ = TβT ∗Tα.β β
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TβXα+β = Xα+βTβ,
and from this, we obtain
T ∗β TαT ∗α Tβ = TαT ∗α TβT ∗β .
Further, in this case
TβT
∗
α TβT
∗
α = TβT −1α XαTβT −1α Xα = TβT −1α X−1β TβXβXαT −1α Xα
= TβX−1β X−1α TαTβXβXαT −1α Xα = X−1β X−1α TβTαTβXβXαT −1α Xα
= X−1β X−1α TβTαTβTαXβXα = X−1β X−1α TαTβTαTβXβXα
= X−1β X−1α TαTβTαXβXαTβ = T −1α X−1β TβXβXαT −1α XαTβ
= T −1α XαTβT −1α XαTβ = T ∗α TβT ∗α Tβ,
so we obtain TβT ∗α TβT ∗α = T ∗α TβT ∗α Tβ , and
TαT
∗
β TαT
∗
β = TαT −1β XβTαT −1β Xβ = TαT −1β T −1α XβXαT −1β Xβ
= TαT −1β T −1α T −1β X2βXα = T −1β T −1α T −1β TαX2βXα
= T −1β T −1α T −1β XβXαT −1α XβXα = T −1β T −1α T −1β XβXαXβTα
= T −1β T −1α XβXαT −1β XβTα = T −1β XβTαT −1β XβTα = T ∗β TαT ∗β Tα,
so we obtain TαT ∗β TαT ∗β = T ∗β TαT ∗β Tα , similarly,
T ∗α T ∗β T ∗α T ∗β = T ∗α T −1β XβT ∗α T −1β Xβ = T ∗α T −1β T ∗−1α XβXαT −1β Xβ
= T ∗α T −1β T ∗−1α T −1β XβXαXβ = T −1β T ∗−1α T −1β T ∗α XβXαXβ
= T −1β T ∗−1α T −1β XβXαT ∗−1α XαXβ = T −1β T ∗−1α T ∗β XαT ∗−1α XαXβ
= T −1β T ∗−1α T ∗β XαXβT ∗α = T −1β T ∗−1α XαXβT ∗β T ∗α
= T −1β XβT ∗α T ∗β T ∗α = T ∗β T ∗α T ∗β T ∗α ,
so we obtain T ∗α T ∗β T ∗α T ∗β = T ∗β T ∗α T ∗β T ∗α .
In the case of α∗ = α + 4δ2, β∗ = β + 2δ2, we set T ∗α = T −1α Xα (= T −1α Xα∨ ), T ∗β =
T −1β Xβ (= T −1β X 12 β∨). From 〈α
∨, β〉 = −1, we have the relation
TαXβTα = XβXα,
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T ∗α TβT ∗β = TβT ∗β Tα.
From 〈β∨, α + β〉 = 0, we have the relation TβXα+β = Xα+βTβ , and from this, we obtain
T ∗β TαT ∗α Tβ = TαT ∗α TβT ∗β .
Further, in this case similarly to the above, the relations of I(2) can be obtained.
In the next case, we show only the relations of II, because the relations of I can be
obtained similarly to the previous cases.
Proof of II.3. We have 〈α,β∨〉 = −3, 〈α∨, β〉 = −1. We note that the case of α∗ =
α + δ2, β∗ = β + δ2, appears only in the case of type X(p1,1), so we do not consider here.
In the case of α∗ = α + 3δ2, β∗ = β + δ2, by setting T ∗α = T −1α Xα (= T −1α Xα∨ ), T ∗β =
T −1β Xβ (= T −1β X 13 β∨ ), from 〈α
∨, β〉 = −1, we have the relation
TαXβTα = XβXα,
and from this, we obtain
T ∗α TβT ∗β = TβT ∗β Tα.
From 〈β∨, α + β〉 = −1, we have the relation, TβXα+βTβ = Xα+βXβ , and from this, we
obtain
T ∗β TαT ∗α TβT ∗β = TαT ∗α TβT ∗β Tβ.
Proof of II.4. We have 〈α,β∨〉 = −4, 〈α∨, β〉 = −1. The case of α∗ = α + δ2, β∗ =
β + δ2 appears only in the case of type BC(2,1)l , so we omit here.
In the case of α∗ = α + 4δ2, β∗ = β + δ2, by setting T ∗α = T −1α Xα (= T −1α Xα∨ ), T ∗β =
T −1β Xβ (= T −1β X 14 β∨ ), from 〈α
∨, β〉 = −1, we have the relation
TαXβTα = XβXα,
and from this, we obtain
T ∗α TβT ∗β = TβT ∗β Tα.
From 〈β∨, α + 2β〉 = 0, 〈α∨, α + 2β〉 = 0, we have
TβXα+2β = Xα+2βTβ, TαXα+2β = Xα+2βTα,
from these and the relation T ∗α TβT ∗β = TβT ∗β Tα , we obtain
(
TαTβT
∗)2 = (TβT ∗Tα)2 = (T ∗TαTβ)2.β β β
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rem 2.4 is completed. 
Corollary 2.6. The elliptic Artin group is described by the generators Tα , T ∗α , with the
relations I, II and III with q = 1 in Theorem 2.4.
Now we define the elliptic Hecke algebras for all elliptic root systems except for excep-
tional cases.
Definition 2.7. Let Cq,t be the field of rational functions in q and t1/2j , t
∗1/2
j (0 j  l).
The elliptic Hecke algebra Hel for all elliptic root systems of types X(p1,p2) except for
exceptional cases are the quotient of the group Cq,t -algebra of the double affine Artin
group with the generators and relations in Theorem 2.4, by the relations
(
Tj − t1/2j
)(
Tj + t−1/2j
)= 0, (T ∗j − t∗1/2j )(T ∗j + t∗−1/2j )= 0 (0 j  l).
3. Elliptic Artin groups in terms of elliptic Dynkin diagrams
Using Theorem 2.4, we describe the double affine Artin groups, the elliptic Artin groups
and define the elliptic Hecke algebras in terms of the elliptic Dynkin diagrams.
Theorem 3.1. In terms of the elliptic Dynkin diagrams, the double affine Artin groups
for all elliptic root systems of type X(p1,p2) except for exceptional cases are described as
follows.
Generators: Tα for α ∈ {all vertices of the elliptic Dynkin diagram}, and a central ele-
ment q .
Relations:
I. (0) 
α β
 ⇒ TαTβ = TβTα ,
(t)  	
tα β
t = 1 ⇒ TαTβTα = TβTαTβ,
t = 2 ⇒ (TαTβ)2 = (TβTα)2,
t = 3 ⇒ (TαTβ)3 = (TβTα)3.
II.







t
α∗
α
β
t = 1 ⇒ (TαT ∗α Tβ)2 = (TβTαT ∗α )2,
t = 2±1,3±1 ⇒ (TαT ∗α Tβ)2 = (TβTαT ∗α )2,
TβTαT
∗
α TβT
∗
α = T ∗α TβTαT ∗α Tβ,
t = 4±1 ⇒ (TαT ∗α Tβ)2 = (TβTαT ∗α )2 = (T ∗α TβTα)2.
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







α∗
α
β∗
β
⇒ T
∗
α TβT
∗
β = TβT ∗β Tα, T ∗β TαT ∗α = TαT ∗α Tβ,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α .
III.2.









	
	
2
α∗
α
β∗
β
α∗ = α + pδ2,
β∗ = β + pδ2
(p = 1,2)
⇒
T ∗α TβT ∗β Tα = TβT ∗β TαT ∗α ,
T ∗β TαT ∗α = TαT ∗α Tβ,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α ,
α∗ = α + 2δ2,
β∗ = β + δ2 ⇒
T ∗α TβT ∗β = TβT ∗β Tα,
T ∗β TαT ∗α Tβ = TαT ∗α TβT ∗β ,
TαT
∗
α TβT
∗
β = TβT ∗β TαT ∗α .
III.∞.








α∗
α ∞
β∗
β
⇒ TαT ∗α TβT ∗β = T ∗α TβT ∗β Tα = TβT ∗β TαT ∗α = T ∗β TαT ∗α Tβ.
IV.




 

t = 1,2±1,3±1
α
β
β∗
γ
⇒ TβT
∗
β TαTγ TβT
∗
β Tγ = Tγ TβT ∗β Tγ TαTβT ∗β ,
TβT
∗
β Tγ TαTβT
∗
β Tα = TαTβT ∗β TαTγ TβT ∗β .
V. (
∏
α∈Γ (Φ,G)\(Γmax∪Γ ∗max) Tα
∏
α∈Γmax TαT
∗
α )
m = q−1, where Γ (Φ,G) is the ellip-
tic Dynkin diagram, Γmax, Γ ∗max are the subdiagrams of Γ (Φ,G) (see [1]), m :=
m(Φ,G) is the order of the Coxeter element in the elliptic Weyl group.
Proof. We have to show that all relations hold and the relations of Theorem 2.4 can
be obtained from these relations, and which are proved by direct calculations similarly
to [10]. 
Corollary 3.2. The elliptic Artin group is described by the generators Tα , α ∈ {the vertices
of the elliptic Dynkin diagram} with the relations I ∼ IV and V with q = 1 in Theorem 3.1.
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∗1/2
j (0 j  l).
The elliptic Hecke algebra Hel for all elliptic root systems of types X(p1,p2) except for
exceptional cases are the quotient of the group Cq,t -algebra of the double affine Artin
group with the generators and relations in Theorem 3.1, by the relations
(
Tj − t1/2j
)(
Tj + t−1/2j
)= 0, (T ∗j − t∗1/2j )(T ∗j + t∗−1/2j )= 0 (0 j  l).
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